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Abstraet We consider a simple model 
to evaluate mean activity coefficients 
in charged polymeric membranes  
with an inhomogeneous distribution 
of the fixed charge concentra t ion on 
the macroscopic spatial scale, and 
apply the results obtained to the 
coion exclusion characteristic of the 
Donnan equilibrium. Model  calcula- 
tions with two fixed charge distri- 
butions of experimental interest (the 
asymmetric and the skin-core 
distributions) show that the inhomo- 
geneity effects can be impor tant  when 

the external salt solution 
concentrat ion is lower than the 
membrane-fixed charge concen- 
tration, especially if spatial regions of 
low charge concentra t ion exist within 
the membrane.  The results obtained 
appear  to be in qualitative agreement 
with previous experiments. 
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Introduction 

The theoretical principles describing ion sorption equilib- 
rium in homogeneous  charged membranes are well 
known, and have been widely applied to both synthetic [-1] 
and biological membranes [2]. However, all charged 
membranes deviate to some extent from homogeneity and 
thus the question of how inhomogeneities along the axial 
direction affect the membrane  properties naturally arises. 
In particular, a spatial non-uniformity of the membrane- 
fixed charge concentrat ion is of importance not only for 
synthetic membranes [3-6] ,  but also for biological mem- 
branes, where these charged groups exist and can be in- 
homogeneously distributed [-2, 7-9]. 

We propose here to s tudy theoretically the effects of 
a macroscopically inhomogeneous fixed charge distribu- 
tion on the Donnan  equilibrium in polymeric charged 
membranes [4]. In a thermodynamic  formalism, these 
effects could be reflected in the activity coefficients. 

However,  theoretical models to estimate activity coeffi- 
cients in membranes are lacking, and Katchalsky [10] and 
Manning [11] theories of activity coefficients in gels and 
polyelectrolyte solutions are still used for qualitative pur- 
poses [1]. The availability of physical models for the 
estimation of activity coefficients in charged membranes  is 
impor tan t  for analysing not  only sorption equilibrium 
[-1, 2, 12] but also ion t ransport  [-2, 13] data. 

In this study, we establish first the formal relationship 
between the mean activity coefficient in the membrane  and 
a given inhomogeneous fixed charge distribution by com- 
paring the results obtained from a theoretical model  based 
on the ideal Donnan  equilibrium [-1] extended to account  
for the inhomogenei ty  effect with the results obtained from 
a thermodynamic  model which uses activities rather  than 
concentrations.  We proceed then to evaluate explicitly the 
mean activity coefficients for two sets of fixed charge 
distributions covering a wide interval of realistic situ- 
ations: the asymmetric distribution [14-16] and the skin- 
core distribution [3 5, 17 19]. F r o m  the calculated mean 
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activity coefficients the coion exclusion and the failure of 
the ideal Donnan  equilibrium caused by the fixed charge 
inhomogenei ty  can be predicted as a function of the ratio 
(external salt concentrat ion/membrane-f ixed charge con- 
centration) [4]. Finally, we discuss the implications of our 
results in connect ion with sorption experiments involving 
charged polymeric membranes.  

Theory 

We will consider a charged membrane of thickness d which 
separates two identical aqueous solutions of concentrat ion 
Cs of a strong electrolyte. The charge numbers of the 
electrolyte ions and the fixed charge groups in the mem- 
brane are assumed to be unity. We consider that the fixed 
charge concentra t ion X (x) is distributed inhomogeneous- 
ly on the macroscop ic  scale of the membrane  (i.e., a typical 
length for the changes of X with x is of the order  of the 
membrane  thickness d, were x is the position coordinate 
along the membrane  0 < x _< d). The fixed charge concen- 
tration is a key parameter  in the explanation of the mem- 
brane selectivity [1, 2]. 

The model  equations are as follows. Firstly, we intro- 
duce the electroneutrali ty conditions in the membrane  and 
external solutions: 

c+ (x) = c (x) + X ( x ) ,  (la) 

c+s = c_~ = cs , (lb) 

respectively, where c+ is the concentrat ion of the cation 
and c_ is the concentrat ion of the anion. Without  loss of 
generality, we have assumed that the membrane-fixed 
charge groups are negatively charged in Eq. (la), so that 
the positive ion is the counter ion and the negative ion is 
the coion [-1, 2]. The local electroneutrality assumption of 
Eq. (1) can be used instead of the more rigorous Poisson 
equat ion only for macroscopic fixed charge inhomogenei-  
ties, since in this case the spatial length characteristic of 
membrane  inhomogenei ty  is much larger than the typical 
electrolyte Debye  length [18, 20]. Secondly, we introduce 
the local equilibrium condit ion for the two electrolyte ions, 
which gives the Boltzmann equations [1, 2]: 

c+ (x) = c + (0)exp [ -  tp (x)] , (2a) 

c_ (x) = c_ (0) exp I0  (x)] , (2b) 

where 0(x) is the local dimensionless electrical potential in 
the membrane,  and we define the origin of potential  as 
~(0) = 0. Equat ions (2) are usually written in the more 
familiar [1, 2] form 

2 e+  (x) c_  (x)  = e+  (0) c _  (0) = c s , (3) 

where the second equality results from applying the ideal 
Donnan equilibrium condition [1, 2] to the membrane/  
solution interface at x = 0. Equation (3) assumes implicitly 
that the chemical affinity of the sorbed ions for the mem- 
brane matrix and the osmotic (swelling pressure) effects are 
negligible [ 1 4 ] .  

The electroneutrality condition (Eq. (1)) and the Don- 
nan equilibrium relationship (Eq. (3)) constitute the basis 
of many ideal treatments of ion equilibrium in polymeric 
charged membranes.  For  homogeneous membranes,  
Eq. (3) is applied only to the interfaces x = 0 and x = d. 
For  inhomogeneous membranes,  however, Eq. (3) is valid 
locally throughout  the membrane, according to Eqs. (2). 
From Eqs. (la) and (3), it is shown readily that 

c+ (x) = X ( x ) / 2  + [ ( X  (x)/2) 2 q- c2] 1/2 , (4a) 

c_ (x) = X ( x ) / 2  + [ ( X ( x ) / 2 )  2 + c2] lie . (4b) 

The quantities of experimental interest are the average 

values of concentrat ions c + (x) and c_ (x) calculated over 
the membrane length 

c+ (x) dx , (5a) 
( c + )  - 3  o 

1 i c _  (x) d x .  (5b)  <c-)--do 

Taking into account  Eqs. (1), (4) and (5), we can demon- 
strate that 

( c + ) ( c _ )  - ((X(x) + c _ ) ) ( c _ )  

= (X 2 (x)/4c 2 + 1) 1/2 dx 
0 

2 C Cs 2 
) 

(6) 

where 

1 
i X (x) dx (7) 

( x )  = 3 o 

is the average fixed charge concentrat ion of the membrane.  
Note that till now we have assumed that the ideal Donnan  
treatment is valid locally (no activity coefficients have been 
included in Eq. (3)). As an alternative to this local  treat- 
ment, we might consider a t he rmodynamic  formalism [1, 2] 
which incorporates the ionic activities a+ m = 7+m C+m and 
a-m = 7-mC-m instead of the local concentrations c+ (x) 
and c (x), where 7+m and ]~-m are the activity coefficients 
of the counterion and coion in the membrane and c + m and 
C-m are the counter ion and coion concentrat ions charac- 
teristic of the membrane  phase, respectively. We would 
then arrive at the equat ion [-1, 2] 

2 (8a) C + m C _  m = ( ~ _ + s / Y + m )  2 Cs , 
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where 72~ ~ ;.'+~7-~ and 72m ~= 7+m)' m define the mean A 2.0 
activity coefficients in the external solution and in the ~< 
membrane, respectively [2, 12]. In the thermodynamic for- 
malism we introduce magnitudes characteristic of the two 
bulk phases (the external solution and the membrane solu- 
tion) instead of the locally varying concentrations of Eq. 
(6). In order to define the activity coefficients ratio of Eq. 1.0- 
(8a) in terms of the membrane  inhomogeneity, we intro- 
duce the key assumption that C+m and C-m in Eq. (8a) 
should be interpreted as the average counterion and coion 
concentrations in the membrane,  respectively: 

~2 <C+) < C - )  = (7' + s/A2 + m) 2 Cs , (8b) o.o 

where <c+) and <c_)  are calculated from a Donnan local 
treatment which ignores activity coefficient effects. Equa- 
tion (8b) constitutes together with Eq. (6) the definition of 
activity coefficients employed here. 

Now, from the comparison of Eq. (6) with Eq. (8b), we 
conclude that 

)' + m~ 2 : 

7 •  {[; l }. y~ (X 2(x)/4c 2 + 1) 1/2 dx - ( X ) 2 / 4 c  y 

(9) 

Equation (9) is the most important  result of this section. It 
allows for obtaining the mean activity coefficient in the 
membrane for each inhomogeneous distribution of the 
fixed charge concentrat ion (assuming that 7 • s is known). 
In particular, for the homogeneous distribution, 
X ( x )  = ( X )  for 0 _< x _< d, and then (7 + m / ' /  +s )  = 1 from 
Eq. (9), as should be expected for a physical model where 
the only non-ideal effect incorporated in the activity coeffi- 
cients comes from the membrane inhomogeneity. Also, it 
can be shown that (7 + s/7 _+ m) ~ 1 when (Cs/<X)) ~> 1. In 
order to calculate explicitly the ratio of mean activity 
coefficients in Eq. (9), we need to introduce particular 
values for the distribution X (x). We address this question 
in the following section. 

Results 

Two set of fixed charge distributions covering a wide 
interval of realistic physical situations are the asymmetric 
[-14-16] and the skin-core [-3 5, 17-19] distributions. The 
first distribution is typical of layered membranes. The 
second one corresponds to membranes where the charged 
groups are more concentrated near the membrane interfa- 
ces than in the interior or viceversa. These distributions 
can be simulated by the formal equation 

X ( x )  = ( X )  [-1 + 6 X ( x ) / ( X ) ]  , (10) 

C = ~  ~ 

c = - I  

I i 

0.0 0.5 1.0 
x/d 

Fig. 1 Asymmetric fixed charge distribution for c = -  0.5 and 
c ~ - - I  

;~2 .0  

1.0 

0.0 

k I I I [ I I 

t",, 
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L 
/ f  
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Fig. 2 Skin-core fixed charge distribution for c = 1 and c = - 1 

where the per turbat ion  6 X  (x) must verify Eq. (7) for X(x) .  
Two idealized models for 6 X ( x )  which exhibit the basic 
properties of the above distributions are 

6 X  (x) /  <X> = c (1 -- 2x /d )  (asymmetric) ,  ( l l a )  

6 X  (x)/  < X )  = c cos (2rex~d) (skin-core) ,  ( l i b )  

where c is a constant.  Figures 1 and 2 give the fixed charge 
distributions of Eqs. (10) and (11) for two different values 
of constant  c in each case. 

Once X ( x )  is known, (7 +m/7 _+s) 2 is obtained readily 
from Eq. (9). In particular, for the asymmetric distr ibution 
of Eq. ( l l a )  and Fig. 1 the analytical expression for the 



602 Col lo id  & Po lymer  Science, Vol. 275, No.  6 (1997) 
�9 S t e i nkop f fV e r l ag  1997 

mean activity coefficient ratio is 

7 + ~ /  ~ {(1 + c) [(1 + c) 2 + (2y)231/2 

- (1 - c) [(1 - c) 2 + (2y)231/2}  

+ 2cc s inh-  1 \ 2 y ]  - s inh-  1 

- -  , y = -  ( c ~ / ( X ) ) .  (12) 

Also, if we know the mean activity coefficient ratio, we can 
calculate the real (as opposed to ideal) coion exclusion in 
the membrane by substituting ( c + )  = ( c _ )  + ( X )  in Eq. 
(8) and solving this equat ion for (c_)/c~, which gives 

~'-[( ~'-+ s "~ 2" ( ~ ) 2 ]  1/2 ~ y } '  

l O g l O ( ~ ) = l O g l 0  [ U \ 7 _ + m /  + 

y - ( c ~ / ( x ) ) ,  (13) 
Some model calculations with Eqs. (9)-(11) and (13) are 

presented in Figs. 3 and 4 as a function of the ratio 
(c~/(X)) for the fixed value ( X )  = 0.1 M. Figure 3 shows 
the calculated curves (7_+ m/7 _+ s) 2 VS. (Cs/(X)) for the in- 
homogeneous  fixed charge distributions of Eq. ( l la )  with 
c = - 0.5 (continuous line) and c = - 1 (dashed line), and 
of Eq. ( l lb )  with c = - 1 (dotted-dashed line). In the last 
case, the results obtained with c = 1 are similar to those 
with c = - 1, which can be seen readily from Eq. (9). We 
see that the mean activity coefficients ratio can take values 
significantly lower than unity, especially in the limit 
(Cs/(X)) 41 ,  and tend asymptotical ly to unity when 
(Cs/(X)) increases. This last result can be anticipated, since 
any effect due to the membrane  fixed charge concentrat ion 
must  decrease when the above ratio increases. Also, we see 
that  the more inhomogeneous the fixed charge distribu- 
tion, the more impor tant  the deviation of the mean activity 
coefficient ratio from unity (compare Figs. 1 and 2 with 
Fig. 3). 

Figure 4 gives the reduced average coion concentrat ion 
within the membrane,  (c_)/c~, as a function of (c~/(X)). 
The calculated values were obtained by substituting the 
mean activity coefficients ratio from Fig. 3 in Eq. (13). The 
dashed line corresponds to the case of the distribution of 
Eq. ( l l a )  with c = - 1, and the dot ted-dashed line to that 
of Eq. ( l lb )  with c = -- 1. The cont inuous line of Fig. 4 
corresponds to introduce (7 + m / 7  _+s) 2 = 1 into Eq. (13), 
which yields the ideal Donnan  equilibrium [1, 2]. Again, 
significant deviations between the ideal and the real Don- 
nan equilibrium appear  when (Cs/(X)) < 1. In general, the 
calculations show that the inhomogenei ty  effects are very 
significant when spatial regions with X(x) ,~ 0 exist within 
the membrane  (see Figs. 1 and 2). This can be seen easily 
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Fig. 3 (7 + m/)' + s) 2 VS. (Cs/(X)) for the  i n h o m o g e n e o u s  fixed charge  
d i s t r ibu t ions  of Fig. 1: c = --  0.5 ( con t i nuous  line), c = - 1 (dashed 
line), and  Fig. 2: c = -- 1 ( do t t ed -da s hed  line). In all cases, we have 
t aken  ( X )  = 0 .1M 
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Fig. 4 Reduced  coion  c o n c e n t r a t i o n  wi th in  the m e m b r a n e  for the 
cases of Fig. 3: a symmet r i c  d i s t r i b u t i o n  of Fig. 1 with  c = - -  1 
(dashed  line) and  sk in~ :o re  d i s t r i b u t i o n  of  Fig. 2 with  c = - - 1  
(do t t ed -dashed  line). The  c o n t i n u o u s  line co r r e s ponds  to the  ideal 
D o n n a n  equi l ib r ium 

by taking the limit (Cs/(X)) ~ 1 in Eq. (9), which gives 
( T A m / g + s )  2 ~ 1 - - ( C 2 s ( 1 / X 2 ) ) .  

The effects of membrane  inhomogenei ty  on coion ex- 
clusion have been analysed quantitatively by Petropoulos 
in a series of elegant papers I-3, 43. He used several models 
for the membrane inhomogeneity,  and particular attention 
was paid to Glueckauf 's  approach [23]. Most of the re- 
sults we have presented here are based on their ideas. 
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Discussion 

A simple model  for ca lcula t ing  mean  activity coefficients 
and  est imating co ion  exclusion in charged polymeric  
membranes  with an  i n h o m o g e n e o u s  distr ibution of the 
fixed charge concen t r a t i on  on  a macroscopic  spatial scale 
has been discussed [4, 23]. Mode l  calculat ions for two 
relevant exper imenta l  s i tuat ions  (the asymmetr ic  and  
sk in-core  dis t r ibut ions)  have  shown that  the inhomogene-  
ity effects can be i m p o r t a n t  in the concent ra t ion  range 
(c~/(X)) < 1, especially if spatial regions of very low 
charge  concen t r a t ion  exist within the membrane .  This 
concent ra t ion  range is character is t ic  of m a n y  ion-ex- 
change  m e m b r a n e s  in pract ical  opera t ion  [-1], and thus 
our  results are of  exper imenta l  interest. Compar i son  of the 
results of  Figs. 3 and  4 with experiments is, however,  

difficult due to bo th  the scarci ty  of  exper imental  da t a  
concern ing  activity coefficients in cha rged  m e m b r a n e s  a n d  
the fact tha t  m a n y  non- idea l  effects (e.g. ion pair ing [-21], 
inhomogenei t ies  in the p lane  of  the m e m b r a n e  n o r m a l  to 
the x-axis of  Fig. 1 [3, 4], etc.) can occur  s imul taneoulsy .  
Yet, the theoret ical  results for the mean  activi ty coeffi- 
cients and  co ion  exclusion of  Figs. 3 and  4 seem to fol low 
m a n y  of  the exper imental  t rends  previously  repor ted  [-1, 3, 
4, 12, 22-24] ,  and  could  have  therefore  some qual i ta t ive  
value for those cases where  m a c r o s c o p i c  inhomogene i t i es  
a long  the m e m b r a n e  axial coo rd ina t e  [3-5 ,  14 19] are 
k n o w n  to exist. 
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